The magnetic skyrmionium is a skyrmion-like structure but carries a zero net skyrmion number, which can be used as a building block for non-volatile information processing devices. Here, we study the dynamics of a magnetic skyrmionium driven by propagating spin waves. It is found that the skyrmionium can be effectively driven into motion by spin waves showing tiny skyrmion Hall effect, of which the mobility is much better than that of the skyrmion at the same condition. We also show that the skyrmionium mobility depends on the nanotrack width and damping coefficient, and can be controlled by an external out-of-plane magnetic field. Besides, we demonstrate the skyrmionium motion driven by spin waves is inertial. Our results indicate that the skyrmionium is a promising building block for building spin-wave spintronic devices. Recently, there has been considerable interest in studying the topological objects in magnetic materials such as skyrmions and skyrmioniums 1,2 , because they can be used to carry information in a non-volatile manner 3,4 and thus are promising for a wide range of applications [5] [6] [7] . The presence of skyrmions in chiral magnets was theoretically predicted 8 and has been experimentally verified in magnetic materials with the Dzyaloshinskii-Moriya interaction (DMI) 9, 10 . It has also been reported that skyrmions can be used for building several types of information processing devices including racetracktype memories 3,4,11-13 and logic gates 14 . Recent studies further show the potential of using skyrmions in reservoir computing systems 15 and bio-inspired spintronic applications 16, 17 . On the other hand, the magnetic skyrmionium is also a magnetic spin texture stabilized by the DMI [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] . It can be topologically viewed as a combination of two skyrmions carrying opposite skyrmion numbers 23, 27 . Namely, the skyrmionium is a skyrmion-like structure but has a zero net skyrmion number. It is worth mentioning that the skyrmionium is also referred to as the 3π-skyrmion 31 and target skyrmion 21, [32] [33] [34] [35] . Skyrmioniums can also be used as building blocks for information processing devices 23 , while their dynamics and response to external stimuli are different from those of skyrmions. For example, the dynamics of a skyrmionium driven by spin transfer torques has been studied 23, 26 , which shows the skyrmionium has no skyrmion Hall effect [36] [37] [38] . Recently, experimental and theoretical studies suggested it is possible to create skyrmioniums by using ultra-fast laser pulses 19, 28, 29 . Besides, the skyrmionium dynamics driven by applied magnetic fields has also been theoretically studied 25 and experimentally observed 27, 30 . However, the dynamics of skyrmioniums induced a) These authors contributed equally to this work. b) Electronic mail:zhouyan@cuhk.edu.cn c) Electronic mail:weisheng.zhao@buaa.edu.cn by spin waves still remain elusive, although it has been examined for skyrmions [39] [40] [41] [42] [43] [44] . In this paper, we theoretically and numerically study the dynamics of a skyrmionium driven by spin waves in a magnetic thin film with interface-induced DMI, which is in stark contrast to that of the skyrmion. We also investigate the motion of a skyrmionium in a narrow nanotrack driven by spin waves propagating along the nanotrack. We find that the skyrmionium can be effectively driven into motion by spin waves and reach higher speed in compared with the skyrmion. The skyrmionium mobility driven by spin waves can also be controlled by an external magnetic field and is subject to other parameters.
Recently, there has been considerable interest in studying the topological objects in magnetic materials such as skyrmions and skyrmioniums 1, 2 , because they can be used to carry information in a non-volatile manner 3, 4 and thus are promising for a wide range of applications [5] [6] [7] . The presence of skyrmions in chiral magnets was theoretically predicted 8 and has been experimentally verified in magnetic materials with the Dzyaloshinskii-Moriya interaction (DMI) 9, 10 . It has also been reported that skyrmions can be used for building several types of information processing devices including racetracktype memories 3, 4, [11] [12] [13] and logic gates 14 . Recent studies further show the potential of using skyrmions in reservoir computing systems 15 and bio-inspired spintronic applications 16, 17 . On the other hand, the magnetic skyrmionium is also a magnetic spin texture stabilized by the DMI [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] . It can be topologically viewed as a combination of two skyrmions carrying opposite skyrmion numbers 23, 27 . Namely, the skyrmionium is a skyrmion-like structure but has a zero net skyrmion number. It is worth mentioning that the skyrmionium is also referred to as the 3π-skyrmion 31 and target skyrmion 21, [32] [33] [34] [35] . Skyrmioniums can also be used as building blocks for information processing devices 23 , while their dynamics and response to external stimuli are different from those of skyrmions. For example, the dynamics of a skyrmionium driven by spin transfer torques has been studied 23, 26 , which shows the skyrmionium has no skyrmion Hall effect [36] [37] [38] . Recently, experimental and theoretical studies suggested it is possible to create skyrmioniums by using ultra-fast laser pulses 19, 28, 29 . Besides, the skyrmionium dynamics driven by applied magnetic fields has also been theoretically studied 25 and experimentally observed 27, 30 . However, the dynamics of skyrmioniums induced a) These authors contributed equally to this work. b) Electronic mail:zhouyan@cuhk.edu.cn c) Electronic mail:weisheng.zhao@buaa.edu.cn by spin waves still remain elusive, although it has been examined for skyrmions [39] [40] [41] [42] [43] [44] . In this paper, we theoretically and numerically study the dynamics of a skyrmionium driven by spin waves in a magnetic thin film with interface-induced DMI, which is in stark contrast to that of the skyrmion. We also investigate the motion of a skyrmionium in a narrow nanotrack driven by spin waves propagating along the nanotrack. We find that the skyrmionium can be effectively driven into motion by spin waves and reach higher speed in compared with the skyrmion. The skyrmionium mobility driven by spin waves can also be controlled by an external magnetic field and is subject to other parameters.
We perform the simulation using the Object Oriented MicroMagnetic Framework (OOMMF) 45 , which solves the spin dynamics based on the Landau-Lifshitz-Gilbert equation 46 . The detailed methods are given in Ref. 23 . The default magnetic material parameters are adopted from Refs. 23 and 44: Heisenberg exchange constant A = 15 pJ m −1 , DMI constant D = 3.5 mJ m −2 , perpendicular magnetic anisotropy (PMA) constant K = 0.8 MJ m −3 , and saturation magnetization M S = 580 kA m −1 . The mesh size is 2 nm × 2 nm × 1 nm. In experiments, these material parameters correspond to the ultrathin ferromagnet/heavy metal heterostructure system, where the DMI is induced at the interface. The skyrmion number is defined as Q = −(1/4π) m·(∂ x m×∂ y m)dxdy in this paper, where m being the reduced magnetization and the minus sign ensures that the skyrmion with a spin-down core (pointing along the −z direction) has a positive skyrmion number (cf. Fig. 1 ).
First, we put a skyrmion with Q = +1, a skyrmion with Q = −1, and a skyrmionium with Q = 0 at the center of a magnetic film (400 nm × 400 nm × 1 nm) with the Gilbert damping coefficient α = 0.02, respectively, which are relaxed to metastable states. In this work, we refer to the skyrmion with Q = −1 as an antiskyrmion for simplicity. Note that the out-of-plane spin structure of the antiskyrmion here differs from that of the skyrmion, while an antiskyrmion can also have different in-plane spin structure compared to the skyrmion 14, 47 . We then apply an oscillating magnetic field H = H a sin (2πf t)ŷ at the left edge of the film within a narrow area of width 15 nm, where the field amplitude H a = 1000 mT and frequency f = 200 GHz. Smaller amplitude and frequency can also be used, but the driving force decreases with decreasing amplitude/frequency 43, 44 . The oscillating magnetic field produces a flow of spin waves propagating toward the +x direction with the wave vector q = qx, which diminishes progressively in the x dimension because of the damping effect. Figure 1 shows top-view snapshots of skyrmion, antiskyrmion, and skyrmionium driven by spin waves at selected times. The interaction between the skyrmion (antiskyrmion) and spin waves is significantly different from that between the skyrmionium and spin waves, which results in the motion of the skyrmion and skyrmionium in opposite directions. As shown in Fig. 1(a) , the incident spin waves are obviously scattered by the skyrmion, leading to a backward motion of the skyrmion with a skew angle φ + . For the antiskyrmion in Fig. 1(b) , the spin-wave-antiskyrmion scattering leads to the backward motion of the antiskyrmion with a skew angle φ − , which has the same magnitude but opposite sign to φ + . The scattering processes for the skyrmion and antiskyrmion are symmetric with respect to the horizontal axis through the skyrmion center. The skyrmion and antiskyrmion basically move toward the spin-wave-current source and can reach the left film edge, which agree well with the results in Refs. 42, 44, 48, and 49.
Interestingly, as the skyrmionium (Q = 0) is composed of a skyrmion (Q = +1) and an antiskyrmion (Q = −1) (cf. Ref. 23 ), the scattering of spin waves by the skyrmionium can be regarded as a superposition of those of a skyrmion and an antiskyrmion, however, it does not result in the backward motion of the skyrmionium. In Fig. 1 (c), it shows that the skyrmionium moves along the direction of the spin-wave current and can reach the right film edge, which behaves like a Newtonian particle driven by the moment transfer of the spin wave to it.
The trajectories of the skyrmion, antiskyrmion, and skyrmionium driven by spin waves in the film are given in Fig. 2(a) , where the time spans are corresponding to the Fig. 1 . It can be seen that the skyrmion shows a negative longitudinal motion with a positive transverse motion, while the antiskyrmion shows both negative longitudinal and transverse motion. For the skyrmionium, two possible structures are considered (cf. Fig. 2 (a) insets): the one is composed of the outer skyrmion and the inner antiskyrmion, and the other one is composed of the outer antiskyrmion and the inner skyrmion. The motion direction of the skyrmionium is almost along the positive longitudinal direction. Note that the skyrmionium has a very small transverse velocity, which we will discussed later. It is worth mentioning that once the skyrmion and skyrmionium reach the film edge, they will experience the edge repulsive force (cf. Ref. 44) . In this work, we only focus on the dynamics of the skyrmionium before reaching the sample 
edge.
The corresponding velocities of the skyrmion and skyrmionium are given in Fig. 2(b) . The Hall angles of the skyrmion and antiskyrmion are the same, and their velocity magnitudes are identical. The skyrmion velocity also increases with time, as the driving force provided by spin waves increases with decreasing distance between the skyrmion and the spin wave source. On the other hand, the skyrmionium velocity rapidly increases once the spin wave reaches it. It moves much faster than the skyrmion. The skyrmionium velocity reaches 16.4 m s −1 at t = 2 ns, while the skyrmion velocity equals only 3.6 m s −1 at t = 2 ns. However, the skyrmionium decelerates after t = 2.5 ns because it is close to the right edge of the film. Note that the spin wave driving force also decreases with increasing distance between the skyrmionium and the spin wave source. Nevertheless, for the time span of t < 2 ns, the motion of skyrmionium can be seen as being solely driven by spin waves.
We proceed to analyze the skyrmionium dynamics using the Thiele approach (cf. Refs. 43, 44, [48] [49] [50] assuming the skyrmionium is a rigid object (i.e., the distortion is negligi- Antiskyrmion (Q = -1)
Illustration of the directions of the spin-wave currents, spinwave driving forces (cf. Eq. 3), and the velocities for the skyrmion, antiskyrmion, and skyrmionium. "+" and "-" stand for the skyrmion and antiskyrmion, respectively. ble) composed of a skyrmion and an antiskyrmion with identical size, and explain why the skyrmionium is almost moving along the direction of the spin-wave current. The skyrmionium position R can be described within the Thiele equation given as
where we take partial derivative of R with respect to time t, obtainingṘ as the velocity of skyrmionium v, α is the damping constant, D is the dissipative force tensor, and G = Gẑ is the gyromagnetic coupling vector, which can be expressed as
where Q is the skyrmion number. For the skyrmionium with Q = 0, G = 0. When the skyrmionium is far away from film edges, it only experiences the driving force provided by spin waves. The total force acting on the skyrmionium is F (R) = F sw (R), resulting from the momentum transfer between the spin-wave current and the skyrmionium, which reads 44
where j > 0 is the spin-wave current density, and from wave vector q = qx, we can getq =x. The exponential term is the approximation form, indicating that the decay of the spin-wave current on the scale relating to the Gilbert damping,
, where m, f are the spin wave mass and frequency. It can be seen from Eq. 3 that the spin wave force acting on the skyrmionium can be divided into two parts, namely, one is the force F along the spin wave vectorx determined by σ and the other one is F ⊥ perpendicular to the wave vectorx governed by σ ⊥ . The longitudinal and transverse cross sections are expressed as 48, 49 σ ( )
where χ is the skew scattering angle of the spin wave, dσ( )/dχ is the differential cross section obtained by |f (χ)| 2 . Thus, we find that σ and σ ⊥ are dependent on the skew scattering angle χ. With this analysis, for the skyrmion and antiskyrmion, the longitudinal cross sections σ (φ + ) = σ (φ − ) and the transverse cross sections σ ⊥ (φ + ) = −σ ⊥ (φ − ), resulting from φ + = −φ − . The transverse and longitudinal forces for the skyrmion and antiskyrmion are illustrated in Fig. 3 , which are consistent with the numerical results in Fig. 2 .
As the skyrmionium is composed of a skyrmion and an antiskyrmion, the total effective force (cf. Fig. 3 ) acting on the skyrmionium includes the joint forces from the skyrmion and antiskyrmion, where the transverse force of skyrmionium is equal to zero under the assumption that the skyrmion size and antiskyrmion size are identical, and the longitudinal force is the sum of F + and F − . Since the skyrmionium is only driven by the force F along thex direction, we can obtain
which gives a good interpretation of the simulation results, namely, in the beginning of the simulation the longitudinal spin-wave driving force along thex direction is very strong so that the skyrmionium moves forward with ax-direction velocity. The longitudinal component of the velocity is attributed to the longitudinal scattering section of the skyrmionium, simplified as
It should be noted that the skyrmionium is actually composed of a skyrmion and an antiskyrmion with different sizes, which means the transverse forces acting on the skyrmionium do not offset each other and will result in a small transverse motion of the skyrmionium. The transverse motion direction depends on the internal structure of the skyrmionium (cf. Fig. 2 ). The dynamics of the skyrmion in the internal structure of the skyrmionium can also be independently described by introducing an additional force term to Eq. 1, which is similar to the spin-wave-driven motion of skyrmion along the edge, i.e., experiencing the edge repulsive force (cf. Ref. 44) . Besides, it is worth mentioning that the skyrmionium driven by spin transfer torques shows no skyrmion Hall effect (cf. Ref. 23) .
Because the skyrmionium driven by spin waves only has tiny skyrmion Hall effect, it can be used as a reliable information carrier in magnetic devices. Here, for the purpose of developing applications, we further numerically investigate the motion of a skyrmionium in the nanotrack driven by spin waves.
As shown in Fig. 4 , we simulate the spin-wave-driven motion of a skyrmionium and a skyrmion in a nanotrack with length l = 800 nm and width w = 150 nm, respectively, where the spin wave source is applied at the left end of the nanotrack with parameters used above. Figure 4(a) shows the longitudinal coordinate x as a function of time for the skyrmionium and skyrmion, where the insets show the topviews of the nanotrack at selected times. It can be seen that the skyrmionium driven by spin waves moves along the nanotrack toward the +x direction with a slight distortion, which reaches the nanotrack end at t = 8 ns. The skyrmionium accelerates and then decelerates, and can reach a maximum velocity of 57 m s −1 [cf. Fig. 4(b) ]. In contrast, the skyrmion first moves toward the spin wave source (i.e., the −x direction) and approaches the upper edge, then it moves along the upper edge toward the +x direction. It moves to the nanotrack end at t = 35 ns. The skyrmion velocity increases with time and only reaches a maximum velocity of 20 m s −1 [cf. Fig. 4(b) ]. Due to the presence of the backward motion before reaching the upper edge, the skyrmion trajectory is subject to the nanotrack width, whereas there is no such a problem for the skyrmionium.
In order to further analyze the dependence of the skyrmionium dynamics driven by spin waves on different parameters, we simulate its motion in nanotracks with various w and α. As shown in Fig. 4(c) , the maximum velocity of the skyrmionium reduces with increasing nanotrack width, which means narrow nanotracks can be used for building high-speed skyrmionium shift devices. However, the skyrmionium will be distorted if the nanotrack width is smaller than the skyrmionium size. Hence, a nanotrack with a width slightly larger than the relaxed skyrmionium size can be used for piratical applications. Figure 4(d) shows the skyrmionium velocity for different damping coefficients. It shows the skyrmionium mobility significantly decreases with increasing damping coefficient, which suggests the high-speed skyrmionium motion driven by spin waves can only be realized in low-damping materials.
Because the skyrmionium size can be controlled by an external magnetic field (cf. Ref. 23) , we also apply an out-ofplane magnetic field to the nanotrack and observe its effect on the skyrmionium motion driven by spin waves. It shows that the skyrmionium mobility increases with increasing H z [cf. Fig. 5(a)-(b) ]. Namely, the maximum velocity of the skyrmionium increases with decreasing inner and outer radii of the skyrmionium, as the skyrmionium shrinks for H z > 0 mT and expands for H z < 0 mT [cf. Fig. 5(c) ]. Note that the skyrmionium will be transformed to a skyrmion when H z < 13 mT and be distorted when H z > 13 mT.
Last, as shown in Fig. 6 , we examine the skyrmionium dynamics when the spin wave source is suddenly switched off. It can be seen that the skyrmionium is first driven into motion by propagating spin waves during the first 2 ns [cf. scenario A in Fig. 6 ]. At t = 2 ns, we switch off the spin wave source and the skyrmionium starts to decelerate when all spin waves are damped [cf. scenario B in Fig. 6 ]. Finally, the skyrmionium velocity reduced to zero and reaches a new location in the nanotrack. Therefore, it can be seen the skyrmionium motion driven by spin waves is inertial. Namely, it can be regarded as a Newtonian quasi-particle. In summary, we have studied the skyrmionium motion driven by propagating spin waves in both thin films and nanotracks. We find that the skyrmionium moves along the spin wave propagation direction with tiny skyrmion Hall effect, and can reach a much larger velocity than the skyrmion. In contrast, the skyrmion driven by spin waves will first show a backward motion toward the spin wave source. We also find the skyrmionium mobility depends on the nanotrack width and damping coefficient. Moreover, we demonstrate that the skyrmionium mobility can be tuned by apply an out-of-plane magnetic field. We also show the skyrmionium motion driven by spin waves is inertial. Our results may be useful for developing spintronic applications based on the skyrmionium driven by spin waves.
